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Abstract 

A class of piecewise affine hyperbolic maps on a bounded subset of the 
plane is considered. It is shown that if a map from this class is sufficiently 
area-expanding then almost surely this map has an absolutely continuous 
invariant measure. 
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1 Introduction 

In 23] , Pesin studied a general class of piecewise diffeomorphisms with a hyper- 
bolic attractor. He showed the existence of the Sinai-Bowen-Ruelle measure, or 
SBR-measure for short, and studied the ergodic properties of this measure. If 
/ : M — > M is the system in question then the SBR-measure is a weak limit 
point of the sequence of measures 
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where v denotes the Lebesgue measure. Pesin showed that the SBR-measure 
has at most countably many ergodic components. This measure is the physically 
relevant measure as it captures the behaviour of the orbits of points from a set 
of positive Lebesgue measure. 

For a more restricted class, Sataev showed that there are only finitely 
many ergodic components. Schmeling and Troubetzkoy studied in a more 
general class than Pesin's and proved the existence of the SBR-measure. Their 
method to deal with the non-invertibility of the system was to lift the system to 
a higher dimension and get an invertible system on which the calculations were 
made. In this way methods from invertible systems could be used. The result 
could then be projected back to the original system. 

In Q], Alexander and Yorke considered a one parameter class of maps called 
the fat baker's transformations. These maps are piecewise afRne maps of the 
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2 A CLASS OF PIECEWISE HYPERBOLIC MAPS 



square with one expanding and one contracting direction. Their results together 
with the result of Solomyak in imply that for a positive measure set of 
parameters, there is an absolutely continuous invariant measure. 

The Belykh map, was first introduced in (2] by Belykh. SchmeHng and 
Troubetzkoy considered in JJj the Belykh map for a wider range of parameters. 
The fat baker's transformations are a special case of the Belykh map in this 
wider range of parameters. The Belykh map was further investigated in jlfi) . 

In this article we consider a class of piecewise afHne hyperbolic maps on a 
set K C M?, with one contracting and one expanding direction. This class is 
contained in the class of maps studied in ^21 and it contains the Belykh maps 
as well as the fat baker's transformations. 

It is shown that if a functions from this class is sufficiently area-expanding 
then almost surely (in the sense of Corollarynj there is an absolutely continuous 
invariant measure. The method used to show this is a development of the 
method from ^j. Here a new problem arises: The symboHc space changes 
as the parameters changes. In this paper a way to handle this problem is 
introduced. The different symbolic spaces are embedded in a larger space and 
certain estimates are carried out that makes this larger space possible to handle. 

In [21] and j22], Tsujii considered two classes of maps in two dimension 
and showed that almost all of these maps have absolutely continuous invariant 
measure. These two classes are different from the class of maps considered in 
this paper. Tsujii also used the method from ^2], but in a different way than 
is used in this paper. 

Similar results in two dimensions, but in the case of expanding maps, were 
independently obtained by Buzzi in and Tsujii in The corresponding 

results for arbitrary dimension are in 3: and jJS]. 

2 A class of piecewise hyperbolic maps 

Let K C R"^ he compact and connected. Assume that K can be decomposed 
according to 

a 

k=\Jk, 

where each Ki is an open and non-empty set with the boundary consisting of 
finitely many curves. Thus, there are closed curves Ni and Mi such that 

a h c c 

y dK, = (y n (y a/,) , ok^ij m,. 

i—1 i—1 i—1 i—1 

Let Z — {Ki} denote the partion of K. 

Assume that the sets Ni n Nj , Mi Mj and Ni n A/^ consists of finitely many 
points if i ^ j, and there exists a constant H such that if (ti,t2) & TpNij then 
1*2/^1 1 < H. Let N = UN, and M = UMi. 

See Figure m for an example of K, Ni and Mi. 

Consider maps f : K \ N ^ K that satisfy the following two conditions, 
(Al) and (A2). 

(Al) There are numbers Ai, . . . , Aq < 1 < 71, . . . , 7^ and ui, . . . Ua, vi, . . .Va G M 
with Ui 7^ Uj whenever i ^ j, such that for any i = 1, . . . , a the map / 
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Figure 1: An example of the domain K . 
restricted to Ki is defined by 

The notation for / will be used to emphasise the dependence on 

the parameters A — (Ai, . . . , Aa), 1 — [li, ■ ■ ■ , 7a), u — (ui, . . . Ua) and v — 

(wi, . ..Va). 

Let Zq = Z and assume that Z^ = {k\^^}1^^ is defined. (Note that ao = a.) 
Then define the partition Zk+i = {iff "^^^}"=t' by 

The set {X=i k[°'''^ is the set of points x G if such that for each ^ = 0, 1, . . . , fc 
the point f {x) is defined and f \x) ^NUM. 

Since each Ki has piecewise boundary so has each Kj''\ There are thus 
closed C curves TVf ^ such that 

U 9Kt' - U 

i=l i=l 

and TVf ^ n Nf'^ is a finite set if i 7^ j. 

(A2) There is a number r > 1 such that (min7i)'^ > Dr + 1 where 

= max{#A I ^ C {1, 2, . . . , 6,} s.t. fj A^f ^ ^ 0}. 

That is, Dr is the maximal number of fines from {A^f that crosses at 
one point. The number Dt is finite since the set {A^f } is finite. 

Remark. Condition (A2) implies that the multiplicity entropy (see and flO^ 
for a definition) is less than the positive Lyapunov exponent. 
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3 The results 

We are going to prove the following theorem. 

Theorem 1. Assume that for all t ^ I ~ (to,ii), the maps f^j--- satisfy the 
conditions (Al) and (A2) with a uniform t. If 

tomin{AJmin{7j^} ^ ^ 
max{7i} 

and one of the following conditions are satisfied 

max{|Mi — M,, I, 1 — fiAij 



1- ilAmax < 0.5, 

2. tlA„,ax < 0.61, 

3. tiA„,ax < 0.68, 



minjlui — Uj 


\ -.Ui^ Uj} 


< 


^1 -^max 2 1 Aniax)"^ 


max{|Mi — 


Uj\, \u,\} 


< 


1 — ^lAinax 


niin{|Mi — Uj 


\:Ui + Uj\ 


^l-^max ~ 2(iiAniax)^ 


max{|Mi — 


Uj\, \Ui\} 


< 


1 ^lAniax 



min{|ui -Uj\ : Ui ^ Uj} iiA^ax - 2{tiX 



> 1, 



where Amax — niax{Ai}, then for almost every t £ I there exists an f^j---- 
invariant measure, absolutely continuous with respect to Lebesgue measure. 

Conclude the following 

Corollary 1. Let P be the set of parameters (A,7,?I,iJ) such that 

minjAi} min{7,f } 
max{7,j} 

and one of the following conditions are satisfied 

1. max{Ai} < 0.5, 

2. max{Ai} < 0.61, 

3. max{Ai} < 0.68, 



max{|ui 




Ujl \ui\} 


< 


1 - 


max{Ai} 


niin{|Mi — 


Uj 


\:Ui^ Uj} 


max{Ai} 


- 2(max{Ai})3 


max{|ui 




Ujl \ui\} 


< 


1 - 


max{Ai} 


niin{|Mi — 


Uj 


\:ui^ u.j} 


max{Ai} 


- 2(max{AJ)4 


max {| Mi 




Ujl \Ui\} 


< 


1 - 


max{Ai} 


min{|Mi — 


Uj 


\:Ui^ Uj} 


max{Ai} 


- 2(max{AJ)5 



If fj--- satisfies the conditions (Al) and (A2) then for Lebesgue almost every 
(A,7, M, u) e P, there is an f-^-- --invariant measure, absolutely continuous 
with respect to Lebesgue measure. 



4 A condition on transversality for power series 

The corollary of the following lemma will be used to prove Theorem The 
Lemma appears in a somewhat less general form in [TT. The proof from ^2] 
works here as well. 

Lemma 1. Let C > 1. Then there is a constant (5 > such that for any 
function g of the form 

oo 

gix)^l + J2bkx\ bke[-C,C], (1) 
fc=i 
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the following implication holds true for n = 2,3,4 

g{x) <5, x<E (0, Qn), C < fn{x) =^ g'{x) < -S, 
where f„{x) = j._2^^+i , Q2 — 0.5, Q3 = 0.61 and Q4 — 0.68. 
Proof Let hn{x)^l-C ELi ^'' + CEl 



x-2x"+^ ■ — 0.5, Qa — 0.61 and (^4 = 0.68. This implies that there is a 

S > such that for n = 2, 3, 4 

i) /i„(x) >(5 if C < fnix) 

ii) < -5 if x £ (0,Q„). 

Thus hn{x) > S and /i^(a:) < —(5 provided a; < Qn and C < fn{x). 

Let (/(a;) be of the form (QJ. There are Ck > such that the function 
Gn{x) = g{x) - hn{x) can be written as G„(x) = X^fe^i '^fc^*' ~ Y.kLn+i '^kx'' ■ 
By the above mentioned properties of /i„ we have for any x G (0, Qn), C < fn{x) 

g{x) <6 ^ Gn{x) < ^ G;(x) < g'(a;) < -5. 

The second impHcation is proved by 
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-C ^^2-111 and/„(a;) 



Gnix) < 



Ckx'' < 

fc=l 



k=n+l 



CkX 



k=l 



kckx ' < 



00 

E 

fc=n+l 



kckx'' 



GUx)<0. □ 



Corollary 2. Let n G {2,3,4} anrf let Qn and fn be as in Lemma^ Let Sk be 
a sequence with Sk G [—C, C]. Then for any I > the set 



[q e (90, Qn) I C < fniq), 



k=l+l 



is contained in an interval of length at most 26 ^Qq' 



Proof. Note that 



9 + Skq' 



1 + L;fc=i+i Skq 



k-l 



< rqo' 



< r implies 

if 9 > 90- Lemma n] implies that on the set {q G (0, (5„) | C < fn{q)} 
the graph of the function 91-^1 + J^kLi+i ^kq^~^ crosses transversally in 
at most one point and the slope is at most —5 around this point. Hence 



1 + SfcL(+i •''fe?'' ' < ^^o ' interval of length not more than 28 



and therefore 



Eoo k 
k=i+i Skq 



< r can only hold in this interval. 



□ 



5 Proof of Theorem [T] 

We will use the method from to prove Theorem This method is based 
on • The idea is to integrate the density of the measure and then integrate 
with respect to the parameter. If this integral is finite then almost surely the 
density is integrable and so the measure is absolutely continuous with respect 
to Lebesgue measure. To prove that this is the case it is necessary to control 
how the measure changes with the parameter. 

We begin with some notation and general theory and then make the esti- 
mates needed later in the proof. 
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5.1 Notation and general theory 

Fix A, 7, u and v. Let Amin = niin{A,J, Amax = max{Aj}, 7inin = min{7i} and 
7max — niax{7i}. We will use the shorter notation ft to denote f^j---. 

Let K = K X [0, 1] and K, = K, x [0, 1]. The sets N, M,... are defined 
analogously. We use the idea from [TTI and lift the map ft to an injective map 
ft on by 

ft\KS^i^^2,X3) = {ft{xi, X2), 9x3 + i/ {a + 1)), 

where < < l/(a + 1). The map n : K ^ K, {xi,X2,X3) 1-^ (xi, X2) is the 
projection of K on K. It satisfies Tr{ft{xi,X2,X3)) = /t(7r(a;i , a;2, X3)). 

Let Dt_= {peK\ frm ^ iV U M, Vn e N} and A = 0^=0 /tHA). The 
set At = Dt is the attractor of ft . 

The condition {A2) is a more general version of condition (H9) in ^4]. It 
appears in Theorem 6.1 in [2] can be applied to conclude that there are 
constants c* > such that for any e > and any rt S N 

i>(/r"(;7(£,ivuM))) <ct£, 

where U{e, N U M) denotes the e-neighborhood of iV U M. This shows that the 
functions ft are in the class of functions from Ql]. Moreover, the maps ft also 
satisfies the conditions in This gives us the following results. 

i) Let C be a curve in the unstable direction, i.e. there are numbers 
p, (Ti and (72 such that = {{xi,X2) d K \ xi = p, ai < X2 < o'2}. 
Let = TT^^{V^) be the corresponding manifold in K. Let vy^ and 
i)yu denote the normaHsed Lebesgue measure on and respectively. 
The sequence of measures jll^ — ^ X]fc=o ^t/" ° ft^ converges weakly to 
an SBR-measure /iggj^. The projection of this measure Asbr ° t^^^ is an 
SBR- measure for ft and we thus write Msbr ~ Asbr ° 

ii) Given e > 0, the set 

Dt,e,c = {i e At I d{ft^{x),N) > ce-^"} 

is non-empty if c is sufficiently small and the set Dt^e — Ui^i A,e,i-i has 
full AlsR-measure, AsBR(^*,e) = 1- 

iii) The conditional measures of Asbr the unstable manifolds are absolutely 
continuous with respect to Lebesgue measure. 

iv) The entropy of the measure Asbr is 




logXt(i) d/i|BR(^), 



where Xt{x) is the positive Lyapunov exponent at the point x for the map 
ft. In particular, log(7min) < hf,t^^^ < log(7max). 

v) The measure Asbr has at most countably many ergodic components. 



5.1 Notation and general theory 
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The results i) - v) make it possible to define stable manifolds for /t^Bp;- 
almost every x ^ K. If i: = {xi,X2,x^) G Dt.-\og{t\ra^^) then there is a c = c{x) 
such that X G £'t,- iog(tA„ax).c) that is d[fl^{x),N) > c(tAmax)" for all n > 0. If 
y = (yi, 2/2,2/3) e K with |yi - xi| < c and y2 = X2 then 

\ft{y) - f"ii)\i < \yi - ^i\{tx.n..r < c(a,„ax)" < d{fnx),N), 

where | • • ■ |i denotes the modulus of the difference in the first coordinate. Hence 
the points /"(y) and /"(i) are never separated by a discontinuity and we say 
y is in the stable manifold of x. The stable manifold of x is thus defined to be 
the set 

W*'^x) = {yeK\\xi-yi\<c, y2 = X2}, 

where c is the largest constant such that x £ -Dt,-iog(tA,„ax),c- This defines the 
stable manifold of Asbr"^-^- point x G K since AsBR(-^t,iog(tA„ax)) = 1- 

The stable manifold W*'^{x) is defined as the projection of corresponding 
stable manifold in K. All the stable manifolds will therefore be parallel line 
segments but the length of the manifolds are only measurable f|14jl. 

Similarly the unstable manifolds can be defined. They consist of parahel line 
segments, orthogonal to the stable manifolds, and their length is measurable. 

The partition of K into stable manifolds is thus measurable and the condi- 
tional measures on these manifolds can be defined. Take x G A = 7r(A) and let 
t^SBR denote the conditional measure on the stable manifold W*'^{x). 

The sequence of measures /i^ may converge to a measure which is not ergodic, 
but if C W*'^{x) for some x then /i^ will converge to a unique ergodic 
component. To get control over Asbr ^'^^ almost all i € / argue as follows. 
Since the size of the unstable manifolds depends only measurable on t there is 
no that is contained in an unstable manifold for every tel. However, given 
£0 > there is a set Jo d I with \ Jq) < £0 and a set V^, independent of t, 
such that V^" C for some x whenever t € Jq. This construction has the 

following consequence. For any t Jg the measure /i^ converges to an ergodic 
measure and it is not necessary to take a subsequence. Indeed, if it is necessary 
to take a subsequence then there exists a set A such that 

liminf fi^iA) < limsup/i^(A). 

But this would contradict that /ijj converges to a unique ergodic component. 
Given a sequence {i„} £ {1,2,..., a}^ and integers Z, m we define the cyhn- 

der 

k=l 

or 

m 
k=l 

Let Et = {{ik} I Cl^{{ik}, t) ^11)^1, me Z} and let pt : T,t ~> At be the natural 
identification of sequences in and points in At . 
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5.2 The measure's dependence on the parameters 

The first step is to estimate how the measure Asbr changes with the parameter 
t. This is done by using that converges weakly to Asbr- 

Let Li > 0. The measure fin — ^ Sfe=o ^v^°ft^ converges weakly to Asbr- 
Hence there is a number no(i, Li) such that for any cylinder of length Li 

1 ^ Asbr('^-Li) ^ 2 



2- (ii{C^_ 



for all n > no. Since no{t, L\) is measurable with respect to t, Lusin's theorem 
implies that for any ei > there is a set Ji C Jo with v{Ja \Ji) < £i and a 
number ni such that ni > no(t, Li) for all t G Ji. 

For a fixed cylinder C'^j^^, the measure Ano( depends continuously on 

t, because the measure involves taking finitely many preimages with respect 
to ft and these preimages depends continuously on t. It is therefore possible to 
partition I into finitely many subintervals / = IJfcLi such that when ti,t2 S Ik 
then 

1 < A^^Af^^J <2 

for any cyhnder of length L\ . This imphes that 

1 ^ AsBr('^--Li) ^ ^ 
4 " ArBR(C'°^J " ' 



for any cyhnder of length Lx, provided ti,t2 & Ik Ji for some k. 

For each Ik, choose a tk € /fe fl Ji and a cylinder C'^j^_^{{xn{tk)} ,tk) with 
= AsBR(^-ii({^"(*fe)}'*fe) > 0- Fo'^ every t G 7fe n Ji, define 

(lQ,t = C'LL^{{Xn{tk)],t). 

Then ^ 

AsBR(f^O,t) > ^TOfe (2) 

for ah t € Ikf] Ji. 



5.3 Entropy 

It will be necessary to control the number of cylinders and the measure of the 
cylinders. As already noted, the general theory gives that the entropy of the 
measure Asbr^ satisfy log(7min) < /i/i^^j^ < log(7max)- 

The Shannon-McMillan-Breiman Theorem implies that for t G Ji Ci Ik and 
£2 > there is a constant A{t) such that 

AsBr( n I ^'^-Li{xk},t) B X with 

^Wdmax + £2)-^ < AIbr(C'-l) < ^(i)(7min - £2)"^} J > 1 - ^mfc. 



5.4 Integrability of the densities 



9 



The constant A(t) can be chosen so that almost surely this estimate is also valid 
for the conditional measures on the stable manifolds, 

Asbr( n I ^C-Li{xk},t) 3 X with 

v4(i)(7max + £2)-^ < AsBr((^-l) < ^(0(7mi„ " £2)-^}) > 1 " ^mfe. (3) 

Let iisMB,* be the set whose measure is estimated above. 

An application of Lusin's theorem shows that that given £3 > there exists 
a set J2 C Ji and numbers Ak such that 

i^{J2 \ Ji) < £3, 

A{t) < Ak, whenever t £lkC\J2- 

For all i e /fe n J2, define Vtt = (lo.t n Asmb,*- The estimates JSJ and © 
shows that AsBR(^t) — 

It follows by (EJ that the number of cylinders of length L in Clt satisfy 

iVt(n) < Afc(7,„ax + £2r. (4) 

Let L2 > and consider for each t G /fc the set of words of length L2 + 1 

Ct = {a;o,a;i, ...,xl2 | a;, € {1,2, . . . ,a}, Cq^{xo,xi, . . . ^xl^^I) ^ 0}. 

The cylinders Cj^^dx^}, t) change continuously with t. The fact that the sets 
Ki have piecewise boundaries allow us to draw the following conclusion. 
There is a partition of /fe into finitely many intervals Ik,i{L2) such that Ct = Cf 
if t',t g Ik,i{L2) for some I. Indeed, when t runs over 7^, each cylinder appears 
and disappears only finitely many times. Let the finite set of t, for which 
some cylinder C*,^^ ({.Tfc}, i) appears and disappears, define the endpoints of the 
intervals Ik,i{L2)- 

Any sequence in St n p'^^{rit) can be written as a concatenation of words 
from Ct- Together with Q this implies that for each Ik,i the number of words 

1 n+L 

of length n in IJ^g^^ ^^ j^ T,t n Pt^i^lt) does not exceed (A^^^ (7niax + £2))" 
for any n. Hence, we have the following lemma. 

Lemma 2. For any £4 > there is a number L3, = L^iei) such that if L2 > L3 
then for each Ik,i{L2) the symbolic space S/^^ ^(i^) = V}teik i(L2)nJ2 '^t^Pi^i^t) 
satisfy 

^IkAL2)H < 5fcj(7max + £2 +£4)", 

for some Bkj, where Nj^^(^]^^){n) denotes the number of words of length n in 

In order to make use of Lemma 12 choose L2 > L^. 
5.4 Integrability of the densities 

The conditional measures of Pg^j^ on unstable manifolds are absolutely con- 
tinuous with respect to Lebesgue measure. We will prove that the conditional 
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measures on the stable manifolds are almost surely absolutely continuous with 
respect to Lebesgue measure. The local product structure of /^sbr then implies 
that /igBR is absolutely continuous with respect to Lebesgue measure. 

Take x G A = 7r(A) and let W^'^'iy^x) = {z e W'^'ix) \ d{y,z) < r]. The 
derivative of /^gg^ at y is the limit 

If the function D{pg^^,y) is integrable on W*''^{x) then the measure ^J.g^^ is 
absolutely continuous with respect to Lebesgue measure. 
Let k be fixed. We want to prove that for a.e. i G fl J2 

/ / ^(AisBRlOt'y)dMSBR(y) VsBr(2;) < 00. (5) 
JUt "'sit 

This impHes that the measure /igBR restricted to the set Qt is absolutely con- 
tinuous for a.e. x € fit- Since the conditional measure on the unstable mani- 
folds are absolutely continuous with respect to Lebesgue measure, this implies 
that /isBRls^t absolutely continuous with respect to Lebesgue measure. Since 
MsBR(^t) > 0, ergodicity then implies that this also holds for the measure Msbr- 
Since k is arbitrary this implies that Msbr is absolutely continuous with respect 
to Lebesgue for a.e. i G / n J2. 

Fatou's lemma implies that in order to prove ^ it suffices to prove that 

lim inf i / / MsbrI^* ^ W*^%y, x)) dfig^^{y) d^lj^j^ix) < 00. 

We may rewrite this as 

liminf- / / / X{|yi-zi|<r}d4BR(^)dMSBR(y)VsBR(2:) < 00. 

^ JQt J^it Jnt 

To prove that this holds for a.e. i G /fc n J2 we prove that for any I 

III X{tyi-^il<r} Vsbr(^) VsBR(y) VsBR(a^)di 
''^u r J i^ ,nJ2 Jih Jnt Jilt 

< 00. (7) 

This then implies that A'sbr ^ ^-S- t ^ h J2- Instead of proving Q 
use that /x^bj^ = Asbr ° """^ and prove the equivalent condition 

liminf i / / / / X{|yi-zi|<r}dAsBR(^)dAsBR(^)dAsBR(^)di 

^ J ik,in.h Jtit Jnt Jht 

< 00. (8) 

Recall that pt ■T.t At maps sequences in to points in At in the natural 
way. Put — /igBD o Pt and rewrite ijHJ as 

/ I I ^ ■ I , >^{|p({^J)-p(fa-"})li<'-} 

Ap*^'"' {{in}) dp*^'"' {{in}) dAsBR(*) < 0°, (9) 



(6) 



5.5 An estimate on power series 
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where | • • • |i denotes the difference in the first coordinate. 

Embed all subshifts Sj, i G Ik,i H Ji into the larger subshift E/^. , according 
to Lemma [2| The measures extend from to S/^ , in a natural way since 
St is a subset of S/^ , . A cylinder in S/^^ , will be denoted by 

z[{in}]m = i[ir - ■ irn]m = {{jn} G E/^^ , | j„ = i„, n = /, . . . ,m}. 

To prove we estimate the quantity 

Tr{{ht 1 1 e h,i n J2}) = 

^ ^ ^ , r , ^ 

X{|Pt({«-})-Pt({j™})|i<'-} dMs''''({jn}) dMs''''({jn}) dAsBR(^) (10) 

and show that Tr < rjr for all r > and some constant rj. This implies (EJ as 
follows. The product S/^ , x E/^ , can be written as 

S/,, xE,, ,=U U U 

i -Lli-L,---,io]o l<li-l2<a 

-L-l[^l,i-L, • ■ ■ ,*o]o X -L-l[l2,i-L, ■ ■ ■ ,«o]oj 

i.e. E/^ , X E/j. J is the union over L of the set of pair of sequences with the first 
L letters equal. This implies that 

1 i- i , ■ i , ~ >^{|p({i..})-p(bn})|i<r} 

All^''' {{in}) dll^'"" {{in}) d/isBR(^) 

= \h-nmi-Tr{{ht I i e /fc.; n J2}), 

so lfTn|l implies Q. 

It remains to show (IIOII . This will be done in 15. (il To do this, the estimate 
in 15.51 is needed. 

5.5 An estimate on power series 

The expression \pt{{in}) — Pt{{in})\i appearing in lfT71|l can be expressed as a 
power series. The following estimate on this power series is an important part 
in proving IjlOII . 

If {xi,X2,x^) S At and {in} G E/^ , is the sequence such that Pt({*n}) = 
{xi,X2,x^), then it is easy to see that 

00 n — 1 00 n—1 ^ 

n=l 1 = 1 n=l 1=1 

So the expression in the brackets of integrand in Ijl0|l can be rewritten in the 
form 

00 n~l n—1 
n=L+l 1=1 1 = 1 



<r. (11) 
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This is equivalent to 

1+ 2^ 11 1^ — ^-"-11^ — " 



r 1 
< 1 i—r ' (12) 



The coefficients of (tAmax)^ ^ ^ in the sum in Ill2|l are bounded by 

n— 1 ^ n— 1 ^ 



max . -. '^max ^ ^/i 



^ max{|ui - Mjl, |m,|} _^ ^ 
~ min{|ui -Uj\ \ Ui ^ Uj} 



so an application of Corollary [H with C as above shows that 

oo n — 1 n— 1 



OO n — 1 n—1 
=L 1=1 1 = 1 

-L 



min{|ui - UjI I Ui 7^ w^j 



if tiAmax < min|2^,0.68|. 



5.6 The final step 

Put F{t, {in}, {jn}) = X{|pt({i„})~pt(b„})|i<r} and rewrite ^ as 
TriiClt \ t & Ik,i n J2}) = 

EE T. f U . I . 

L>L2 _i[i_i,,...,io]o i<;i,;2<a '"•'^"^^ Jpt(nt)n[/i,i_L,---,«o] "'pt(f2t)n[;2,i-i,...,Jo] 

F{t, {z„}, 0„}) d4^'^({j„}) dM^^'*({»„}) dAU(^^) dt. (14) 

To estimate the quantity in itTljl we want to change the order of integration 
to integrate with respect to t first and then use the estimate ljl^^|l . This can 
not be done immediately because the other integrals depends on i. To get 
around this problem the function F{t, {in}, {jn}) will be bounded by a function 
G{t, {in}, {jn}) which is constant on cylinders. More precisely 

Lemma 3. For each pair of cylinders [h, i-L, ■ • • , *o] dnd [I2, i~L, • • ■ , *o] (ap- 
pearing in H14II there is a partition into finitely many cylinders 



li,i-L, ■■■,io]= [J SP, [l2,i^L, ■ ■ ■ ,io\ = [J S'^ 
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p=l q=l 

and functions Ggp g^it) with 

Gsg,5'(i) > F{t, {in}, {jn}), yt e n Ji, V{z„} e SP, V{j4 g 



5.6 The final step 
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/ GsP_s,(t)dt < 2i;A,„ax(ioA,„i„)-^r. (15) 

J Ik, I 

Proof. For fixed y and z the estimate II13|I implies that 

\{t I F{t,{tn}Ajn}) > 0}| < SA„,ax(ioAmin)"^r 

and 

\{t I \Pti{in}) - Pt{{jn})\l < 2r}| < 2SA,nax(ioAmin)"^r. (16) 

The function {t, {in}, {jn}) |pt({*n}) ~ Pt{{jn})\i depends continuously on t, 
{in} and {j„}. Choose L' so large that 

2max{wi - Uj}(tiA,„ax)^ +^ 



1 - tiA„ 



< r. 



The sets [^i, ■ • • , io] and [^i, . . . , io] can be partitioned into cylinders of 
length L' + L + 3 

[li,i-L,...,io] =[J SP= [J[a-L'{p), ■ ■ ■ ,ao{p),li,i-L, ■ ■ ■ ,io], 
p—i p—i 

[l2,i-L,---,io] = U " [J[P-L'{q), ■ ■ ■ , f3o{q)j2,i-L, ■ ■ ■ ,io]- 

q=l q=l 

Note that and np can be bounded uniformly by n^, np < 

As in CU the expression ||pt({4'^})-pt({jl'^})|i - |pt({ii'^})-pt({jl'^})|i| 
can be written as 

\\Pt{{^n^})-Pt{{j'n'>})\l - |P*({4'^}) 

oo n — 1 n — 1 



If {in •*}, {in ^} e 5*2, {jn'}, {jn'} G S"! for somc p and g, then since {in'} and 

{ii^''} respectively {jn^} and {in^^} are equal on the first L' + L + 3 letters, the 
first L' + L + 3 terms in this powerseries are zero. Hence 

\\Pt{{^n^}) - Pt{{j^^})\l - |P*({4'^}) - Pt{{]l?})\l\ = 

OO 71—1 n—1 

( n ^»<i',. "z<ii - n <i'„ ",i^> ) 



n=l Z=l 



n-1 



oo n—1 n—1 
A. (2) 11.(2 



E(n 

n=l /=1 



/=1 



„-(l)l 



,n-l 



n=L+L'+A 1 = 1 1 = 1 

oo n—1 n — 1 

( n ^.p'„ "^L^i - n \,<^'„ ) 

=L+L'+4 ; = 1 " 1 = 1 

oo 

< ^ 2max{ui - Uj }(Amaxt)"^^ 



=L+L'+4 



< 



2max{u, - Mj}(Amax^ l) 
1 Aniax^l 



L+L'+3 



< r. 



(17) 
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5 PROOF OF THEOREM ?? 



The last inequality follows from the choice of L' that ^ max{ti.^^j Amax) ^ 

r. 

For each pair Sp and S"^, take {ilf^} £ fi-g and {ji*^} G S*;^. Put 

Gs£,s| W = X{|p,({4p)})_p,({,<.)})|,<2.}- 
Then the estimates ifTfiji and ifTTIl imply that 

Gsg,s|(i) > F{t,{t^},{jn}), yt e /fej n Ji,V{z„} e ^S,V{j„} e 

and 

mill 7 



Lemma is used to estimate the integrals in l|THl in the following way. 



/ / / / 

Fl,i^l,- ,^o (t, {in}, {in}) dAi^'''^({j„}) dpi*/'"^ ({i„}) d/i*SBR(i) 



E 



p,q - ik.inJ2 Jilt Jp:^'{nt)nsg J p-\nt)nsl 

Fl.i^l,- ,^o (t, {in}, {jn}) d/i^''"^({j„}) dpi*/'"^ ({i„}) d/i^BR(^) di 

Gsislit) d/^s''''({j«}) dAis''''({jn}) d/isBR(i) dt 

This can be estimated by 
X<maJ[ Gsg,c<z(OdA 

supf^ / /i^^'^(pr'(f^0n5gV*/'*(pr'(f^0n5^)dAU(i) 

The maximum is estimated by Ijl5|l and the sum can be eliminated using that 
{S^} and {5*^} are partitions of the cylinders [li,i-L, ■ ■ ■ ,io] and [li,i-L, ■ ■ ■ ,io] 
respectively: 



) ^rsup / Ms''*(/Ot ^(^t)n[Zi,i-L,...,io]) 
t KJfit 



tJ-^^^'iPt i^t) n [^2, i-L, . . . , io]) dAsBR(^) 
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The measure of the cyHnders is estimated with (EJ. 

1 < 2£;An,ax(ioAmin)"^rSUp( / A^.(7min " £2)"'^^ + '^ d/XsBR(i) 

< 2£;A„,ax(toAmm)'^r4(7,„i„ - £2)"'^'^+'^ 

Thus 

r,({a 1 1 G Jfcj n J2}) 

00 m 

^EEE E 2i?r(toA^,,)-M^(7„.in-£2)-^(^+^) 

00 

< ^ 2i;rBfc,;(7n,ax+£2+£4)^m(a2-a)(ioAn,in)"^Afe(7min-£2)"^ 
L=L2 

O Z7 /l2 D / 2 N 7max + £2 + £4 \ 

2EAkBk,im{a -a)r[— —\ 

, , \toAmm(7min - £2)-^/ 

If ° "■"'^min ^ 2 then it is possible to choose £2 and £4 so small that 

7max + £2 + £4 



ioAmin(7min — £2)^ 

Then Tr < 2EA\Bk^im(a^ - a)T^^j^r. This implies that /igBR is absolutely 
continuous with respect to Lebesgue measure for a.e. t G /n J2. Let £o,£i,£3 
0. Then fl J2) > — £0 — £1 — £3 v{T) and this shows that Aggj^ is 
absolutely continuous with respect to Lebesgue measure for a.e. t Ik- 



6 Application to fat Belykh maps 

The Belykh maps are defined as follows. Let — 1 < fc < 1 and put K ~ [—1,1]^, 
Ki = {{xi,X2) e (-1,1)^ I X2 > kxi} and K2 = {{xi,X2) e (-1,1)^ | X2 < 
kxi}. The discontinuity set is = {(a;i, X2) | X2 = kxi} and the border is M = 
{{xi,X2) G I 0:1 = ±1 or X2 = ±1}. The Belykh maps fx^-y^k : KiU K2 ^ K 
are defined by 

/A,7,fcki {xi,x2) = (Axi + (1 - A), 7x2 - (7 - 1)), 

f\.,f,k\K2ixi,X2) = (Axi - (1 - A), 7X2 + (7 - 1)), 

where < A < 1 and 1 < 7 < j^^- 

These maps were first introduced for A < ^ by Belykh in [2j as a model of a 
Poincare map from phase synchronisation. It was investigated in the case A < ^ 
in and ^^I- Schmeling and Troubetzkoy studied in jT^ the Belykh maps 
when A > ^ and called this case the fat Belykh map. 

The Belykh maps satisfy the conditions (Al) and (A2). Here 

C = 1 and C < U{x) if a; < Q4 = 0.61 

and we conclude: 

Theorem 2. Let P = {(A,7,fc) | 7A > 1, A < 0.61}. For Lebesgue almost all 
(7, A, /c) G P the fat Belykh map fx.f^k has an absolutely continuous invariant 
measure. 
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7 DECAY OF CORRELATIONS 



7 Decay of correlations 

Applying Young's scheme from ^21 Chernov proved in the exponential decay 
of correlations for Holder continuous functions for a class of piecewise hyperbolic 
systems with singularities in arbitrary dimensions. This result can be used in 
the following way. 

Let Hr, = {(j) : K ^R\3C : \^{x) - (t){y)\ < Cd{x,y)'^, \lx,y e K} be the 
set of Holder continuous functions on K. 

Theorem 3. Assume that f : K K satisfies the assumptions (Al) and (A2) 
and assume that (/"i/^sbr) is ergodic for every n> 1. For every rj > there 
exists a constant S (0,1) such that for every (p^ip ^ Hjj there is a constant 
C{4>, t/j) such that 



/ (f)0 f"- -Ip d/XsBR - / d^SBR / V' d^iSBR 
JK JK JK 



< 



for all n G N. 



Proof Lift f : K ^ K to f : k ^ K as in Section O The lift / is just a 
model for the natural extension of /. The natural extension is ergodic if and 
only if the original system is ergodic, see Theorem 1 in Chapter 10, §4 of jH]. 
Hence (/", Asbr) is ergodic for every n > 1. 

The function (p : K is lifted to (p : K ^ R by (f) — (p o n and ip is lifted 
in the same way. 

Note that ^, -0 e i?,,, = {0 : X ^ M | 3C : \4>{x) - 4>{y)\ < Cd{x,y)'^, \/x,y £ 
k} and 

(/) o /" • l/) d^SBR = / (f>o f " -Ip d/isBR, 
K JK 

(/-d/iSBR^ / (^d/isBR, / l/'d^fSBR^ / '/'d/isBR- 
K JK JK JK 

Theorem 1.1 in [J] states that (/,/isBR) has exponential decay of correlations 
so this implies that (/, ^sbr) has exponential decay of correlations. □ 
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